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Abstract
Dynamic relaxation is a form-finding and analysis method that has proven its effectiveness in the context
of tension/compression structures such as cable nets, membranes and tensegrity structures. Recently,
however, an increasing interest in bending-active structures has stimulated researchers to include the
effects of bending and torsion in the dynamic relaxation process, using either Three-Degree-of-Freedom
(3-DoF) beam elements (Barnes et al. [4]), or 4-DoF beam elements (Du Peloux et al. [12], D’Amico
et al. [10]), or 6-DoF beam elements (Li and Knippers [13]). The stability and convergence speed of
the dynamic relaxation solver depends on the choice of the fictitious masses for all degrees of freedom.
Although 6-DoF beam elements are in principle preferred over 3-DoF and 4-DoF beam elements because
of their higher accuracy (D’Amico et al. [10]), their use in dynamic relaxation is hindered by the fact
that no heuristic rules are available for the choice of the fictitious masses.
In this paper the numerical stability of the dynamic relaxation solver is investigated for 6-DoF beam
elements using modal analysis. A fictitious mass matrix proportional to the stiffness matrix is put
forward as the most suitable choice considering numerical stability and convergence, as it causes all
eigenfrequencies of the structure to coincide. Moreover, it is shown that for this choice of mass matrix
and a specific choice for the damping ratio and the time step, the dynamic relaxation method becomes
identical to the Newton-Raphson method, which is well known for its fast convergence. For numerically
challenging problems, the stability of the classic Newton-Raphson method can be improved by increasing
the damping ratio and/or decreasing the time step.
We applied the proposed approach to three test cases involving bending-active structures in order to
verify its accuracy and convergence speed. The results show that the dynamic relaxation routine indeed
converges in a very small number of iterations, while still maintaining the accuracy of 6-DoF beam
elements. The combination of high accuracy and low computation time makes this approach well-suited
for both the form finding and the analysis of spatial structures undergoing large displacements.
Keywords: dynamic relaxation, Newton-Raphson, form finding, 6-DoF beam elements, convergence speed, active bending.
1. Introduction
Active bending is an increasingly popular technique to construct complexly curved shapes in a simple and
economical way. Lienhard [14] gives the following definition: “Bending-active structures are structural
systems that include curved beam or shell elements which base their geometry on the elastic deformation
from an initially straight or planar configuration”. Clearly, designing such structures requires an accurate
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simulation of the bending process. This simulation is often referred to as form finding. However, because
simulating the bending process requires the material and section properties of the laths, only form-finding
techniques that take these parameters into account can be used. This requirement limits the choice of
form-finding methods to stiffness matrix methods, such as the Newton-Raphson method, or dynamic
equilibrium methods, such as dynamic relaxation (Veenendaal and Block [17]).
Dynamic relaxation was first proposed by Day [11] as an explicit solver for the static analysis of
structures. It quickly became a popular method for the form finding of tension/compression structures
such as (grid)shells, cable nets, membranes and tensegrity structures (Barnes [3]). The method solves
a static problem by reformulating it as a dynamic problem, and solving the reformulated problem
iteratively. A load is suddenly applied, and the consequent movement of the structure is traced step
by step. The number of time steps needed to reach an equilibrium position depends on the inertia/mass
of the structure, the damping and the time step. These parameters only affect the structure’s dynamic
behavior. Therefore, the mass, damping, and time step can be chosen freely to minimize the number of
iterations, without affecting the final result. The only restriction is related to the numerical stability of
the method. Effective heuristic rules exist to choose the time step and fictitious masses for problems that
don’t include bending and torsion.
Because of the recent popularity of bending-active structures, there is an increasing interest to include
the effects of bending and torsion in the dynamic relaxation process. The most straightforward approach
is to use beam elements with six Degrees of Freedom (DoF) per node. The inclusion of rotational DoF,
however, leads to convergence problems when a lumped mass matrix is used. Or, as Adriaenssens and
Barnes [2] formulate it: “ ... it is often the coupling of these (rotational DoF) with axial stiffness and
translational DoF, which cause conditioning problems in numerical explicit methods such as dynamic
relaxation”. To avoid this issue, researchers have tried reducing the number of DoF needed in the
calculation. The effects of bending can be taken into account using only three DoF per node by
calculating equivalent translational shear forces (Barnes [3], Adriaenssens [1], Van Mele et al. [16]).
However, this approach is limited to torsion free rods with isotropic cross section. Barnes et al. [4]
attempted to include also torsion without increasing the number of DoF. Apart from other limitations,
the biggest concern with this approach was the need for a so-called torsion factor to correct for the
lack of lateral bending stiffness. Adding a DoF is therefore inevitable to fully account for torsion and
anisotropic cross sections (Du Peloux et al. [12], D’Amico et al [10]). However, having four DoF per
node still implies some important limitations. The accuracy of a four DoF approach is significantly
worse than with six DoF, and the approach requires more elements for a comparable accuracy, resulting
in longer computation time (D’Amico et al. [10]).
The goal of this paper is to develop a fast and accurate dynamic relaxation approach capable of taking
bending and torsion into account. To do this we propose using 6 DoF co-rotational beam elements,
ensuring high accuracy for large beam rotations. Furthermore, we optimized the method’s convergence
through a well-considered choice of the fictitious mass matrix, damping, and time step, based on modal
analysis.
The remainder of this paper is organized as follows. Section 2 gives the basic dynamic relaxation
relations. Section 3 includes a brief explanation of the co-rotational formulation as described by Crisfield
[8]. Section 4 discusses the numerical stability of dynamic relaxation, and proposes an optimal way to
choose the fictitious masses, time step, and damping ratio, based on modal analysis. Moreover, the
optimized dynamic relaxation approach is compared to the Newton-Raphson method. Section 5 shows
the performance of the optimized dynamic relaxation method through three benchmark cases. Finally, a
conclusion is given in section 6.
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2. Dynamic relaxation
In the dynamic relaxation approach, the static problem is reformulated as a dynamic problem. In the
linear case, the dynamic behavior of a structure is governed by the following equation:
Ma+Cv+Ku = p (1)
where M is the mass matrix, a is the acceleration vector, C is the damping matrix, v is the velocity vector,
K is the stiffness matrix, u is the displacement vector, and p is the external load vector. Equation (1) is
a set of coupled differential equations, as the velocity v is the time derivative of the displacement u, and
the acceleration a is in turn the time derivative of the velocity v. The system of equations is solved for
the displacements u by discretization in time using a central difference scheme. At a given moment in
time, the velocity vector v is written in terms of the displacement vector u as
vt+∆t/2 =
ut+∆t −ut
∆t
(2)
Where ∆t is the time step, vt+∆t/2 is the velocity vector at time t + ∆t/2, ut+∆t is the displacement
vector at time t +∆t, and ut is the displacement vector at time t. Note that the velocities are defined at
intermediate time intervals (∆t/2). The velocities at a given time step are then simply defined by linear
interpolation:
vt =
vt+∆t/2+vt−∆t/2
2
(3)
Similarly, the acceleration vector is discretized:
at =
vt+∆t/2−vt−∆t/2
∆t
(4)
Equation (1) is rewritten as
Mat +Cvt = rt (5)
Where rt is the residual force vector at time t, defined as
rt = p−Kut (6)
For nonlinear problems, this linear relation does not hold, and equation (6) is replaced by:
rt = p− ft (7)
where ft is the internal force vector at time t.
Initially, displacements u, velocities v and accelerations a are set to zero or some other arbitrary value.
Given a time step ∆t, damping matrix C and mass matrix M, the displacements u are traced step by step
until equilibrium is found under the influence of damping. When the residual forces r become sufficiently
small after a number of time steps, the system is said to have converged.
3. Co-rotational formulation
Co-rotational beam-elements are specifically developed to handle large displacements (Belytschko et al.
[7]). They are used in this paper to accurately describe the behavior of bending-active structures, which
often undergo very large displacements. However, the proposed approach is also applicable to other
6-DoF beam elements. In the remainder of this section, the basis of the co-rotational beam element as
described by Crisfield [8] is reviewed. A more extensive explanation can be found in Crisfield [8, 9].
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Figure 1: Rotational deformations θ and corresponding bending moments M are oriented along the nodal basis
vectors (xa,b,ya,b,za,b), which describe the orientation of the beam ends a and b. The axial deformation δ and
corresponding axial force N are oriented along the element x-axis ( ¯¯x).
The deformation of a beam is described by seven independent local beam deformations, recorded at the
beam ends. An axial deformation1 δ gives rise to a normal force N, and six rotational deformations1 θ
cause six corresponding bending moments M. These rotational deformations describe the beam’s twist,
and bending around the cross section’s two principal axes at the beam ends. The axial deformation is
calculated directly from the current position of the beam ends (equations (13) and 14)), whereas the
calculation of the rotational deformations requires the definition of three sets of orthogonal unit vectors;
one set of element basis vectors and two sets of nodal basis vectors.
The element basis vectors, stored in the matrix ¯¯T = [ ¯¯x ¯¯y ¯¯z], ‘co-rotate’ with the beam to describe its
average orientation, whereas the nodal basis vectors, stored in the matrix Ta,b = [xa,b ya,b za,b], describe
the orientation of the beam ends a and b (figure 1a). Note that xa,b points in the direction of the beam’s
centerline, while ya,b and za,b point in the direction of the cross section’s principal axes. The angle
between the nodal basis vectors and the element basis vectors will determine the rotational deformations.
The basis vectors are updated using Rodrigues’ rotation formula (Crisfield [9]). Because rotation vectors
are not additive, the basis vectors are updated using the change in rotation between the current time
step and the previous one, rather than the complete rotation between the current time step and the initial
situation. Equation (8) gives the relation between the current nodal basis vectors and the previous ones,
formulated for beam end a. The calculation of the nodal basis vectors of beam end b is analogous.
Tta = R(∆λa)T
t−∆t
a (8)
Here Tta is the current nodal basis matrix of beam end a, with the nodal basis vectors as columns, Tt−∆ta
is the nodal basis matrix of the previous iteration, and
R(λ) = I+
sin(λ )
λ
S(λ)+
1− cos(λ )
λ 2
S(λ)S(λ) (9)
is an orthogonal rotation matrix describing the rotation around a given pseudo-vector λ= {α β γ}T over
a given angle λ = ‖λ‖, where the double vertical lines denote the Euclidean norm. I is a three by three
identity matrix, and S is a skew-symmetric matrix defined as
S(λ) =
 0 −λ3 λ2λ3 0 −λ1
−λ2 λ1 0
 (10)
1referred to as ‘strains’ in the original paper.
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where λn denotes the nth element of the rotation vector λ. In equation (8), the rotation vector is defined
as
∆λa = {∆αa ∆βa ∆γa}T (11)
Here, ∆αa, ∆βa, and ∆γa are the rotation angles describing the change in rotations of the node
corresponding to beam end a around the global x-, y- and z-axis, respectively, between this time step
and the previous one. The element basis vectors are an average of the nodal basis vectors at both ends,
rotated such that ¯¯x coincides with the vector connecting the beam ends. For the calculation of the element
basis vectors the reader is referred to the original paper (Crisfield [8]).
The displacements are expressed in terms of the nodal and element basis vectors. The following
equations are used to calculate the local rotational deformations:
2sin(θx,a) =−zaT ¯¯y+yaT ¯¯z 2sin(θx,b) =−zbT ¯¯y+ybT ¯¯z
2sin(θy,a) =−zaT ¯¯x+ ¯¯zTxa 2sin(θy,b) =−zbT ¯¯x+ ¯¯zTxb
2sin(θz,a) =−yaT ¯¯x+ ¯¯yTxa 2sin(θz,b) =−ybT ¯¯x+ ¯¯yTxb
(12)
where θx, θy, and θz are the deformation angles around the local x-, y-, and z-axis respectively (figure
1b). The axial deformation δ is simply the difference of the length at the current time lt and the initial
length l0:
δ = lt − l0 (13)
where the length is defined as the norm of the coordinates of beam end a minus the coordinates of beam
end b:
l =
√
(xa− xb)2+(ya− yb)2+(za− zb)2 (14)
The internal forces are expressed in terms of the displacements. The normal force is equal to the axial
stiffness multiplied by the axial deformation:
N =
EA
l0
δ (15)
Similarly, all moments are found from the following equation:
m = Dθ (16)
where m = [Mx,a My,a Mz,a Mx,b My,b Mz,b]T is the vector collecting all moments, θ =
[θx,a θy,a θz,a θx,b θy,b θz,b]T is the vector collecting all rotational deformations, and
D =
1
l0

GJ 0 0 −GJ 0 0
0 4EIz 0 0 2EIz 0
0 0 4EIy 0 0 2EIy
−GJ 0 0 GJ 0 0
0 2EIz 0 0 4EIz 0
0 0 2EIy 0 0 4EIy
 (17)
is a matrix containing the rotational stiffness around the local x-, y-, and z-axes. Through the principle
of virtual work, the global forces are related to the local forces m and N as follows:
fe = Tm+ tN (18)
where fe = [ fx,a fy,a fz,a mx,a my,a mz,a fx,b fy,b fz,b mx,b my,b mz,b]T is the vector containing translational
forces and rotational forces in the global x-, y-, and z-axis for beam end a and beam end b. For
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the derivation of the transformation matrix T and vector t, the reader is referred to the original paper
(Crisfield [8]). The global internal force matrix f is assembled from the element forces fe.
The element stiffness matrix is split into a linear part and a geometric part:
Ke = Ke,l+Ke,g (19)
where the linear part of the element stiffness matrix expressed in global coordinates is defined as
Ke,l =
EA
l0
ttT +TDTT (20)
The geometric element stiffness matrix originates from the change of the transformation matrices T and
t. The derivation of the geometric stiffness matrix can be found in the original paper (Crisfield [8]).
4. Optimal convergence
In order to limit the calculation time, the time step ∆t, damping matrix C, and mass matrix M should
be chosen in such a way as to minimize the number of iterations needed for the system to converge.
However, a wrong choice will result in numerical instability and consequently divergence. The stability
limit of these convergence parameters is discussed in subsection 4.1. Subsequently, modal analysis
performed in subsection 4.2 reveals the optimal fictitious masses. Moreover, a corresponding damping
scheme is proposed. Finally, in subsection 4.3, the obtained optimized dynamic relaxation approach is
compared to the Newton-Raphson method.
4.1. Stability limit
A time integration scheme is said to be numerically stable if the amplitude of any given oscillation in the
structure, caused by some initial perturbation, remains the same or decreases over time when no external
loads are applied. The time step for which the above condition is satisfied follows from a stability analysis
such as the one given by Bathe [5]. Equation (21) describes the resulting stability limit for the time step
in a dynamic relaxation routine:
∆t ≤ 2
ωi
(21)
where ωi is the ith eigenfrequency of the structure. Equation (21) indirectly also imposes a
restriction on the fictitious masses assumed in dynamic relaxation as the mass influences the structure’s
eigenfrequencies.
Because equation (21) should hold for all modes i, the highest eigenfrequency will determine the
maximum time step. Because a larger time step implies that less iterations are needed to reach
equilibrium, the time step should be as high as possible, and consequently, from equation (21), the
highest eigenfrequency should be minimized. On the other hand, since lower eigenmodes damp slower,
the lowest eigenfrequencies should be maximized. Therefore, optimal convergence is achieved when all
eigenfrequencies coincide.
4.2. Optimal fictitious mass and damping
The fictitious mass that makes all eigenfrequencies coincide is determined as follows. If the dynamic
behavior of the structure is governed by equation (1), the modes and eigenfrequencies are found by
analyzing the free vibration, corresponding to the following generalized eigenvalue problem:
Kφ−ω2Mφ= 0 (22)
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Where φ is an eigenvector of the structure. Instead of finding the eigenfrequencies for given mass and
stiffness matrices, a fictitious mass matrix is sought that makes all eigenfrequencies coincide. Equation
(22) shows that this is the case if the mass matrix is proportional to the stiffness matrix. Indeed if
M =
1
ω∗2
K (23)
with ω∗ as the target eigenfrequency for all modes, equation (22) becomes
Kφ− ω
2
ω∗2
Kφ= 0 (24)
for which non-trivial solutions require that ω = ω∗. If all eigenfrequencies coincide, the eigenfrequency
ωi in equation (21) can be replaced by the target eigenfrequency ω∗.
Note that, for the derivation of the optimal fictitious mass, the structural response was assumed to be
linear. In a nonlinear case the tangent stiffness matrix Kt should be used to calculate the fictitious mass
matrix, and updated each iteration. Furthermore, the structure’s eigenfrequencies will somewhat shift,
but if the time step is chosen slightly smaller than the value found using equation (21), fast and stable
convergence is still obtained.
Finally, the damping parameters must be determined. Viscous damping is usually avoided in dynamic
relaxation because the choice of a suitable damping matrix requires a trial run or modal analysis. Instead,
an artificial damping technique, called kinetic damping, is often applied. This technique resets the
velocities to zero whenever the structure encounters a kinetic energy peak. In the proposed approach,
all eigenfrequencies are known in advance, and viscous damping can be applied without the need for
additional computations. It can be shown that in the case of coinciding eigenfrequencies and classical
damping, the damping matrix is proportional to the mass matrix:
C = 2ξω∗M (25)
where ξ is the damping ratio for all modes.
4.3. Equivalence with the Newton-Raphson method
An updating scheme is formed by combining equations (2), (3), (4), (5), (7), (23), and (25):
ut+∆t = ut +∆t
(
1−∆tξω∗
1+∆tξω∗
vt−∆t/2+
ω∗2∆t
1+∆tξω∗
K−1rt
)
(26)
This expression relates the displacements of the next time step to displacements, velocities, and residual
forces, known from the current time step. If the time step is chosen as ∆t =
√
2/ω∗ and the damping
ratio as ξ = 1/
√
2, equation (26) simplifies to the well-known Newton-Raphson iteration scheme:
ut+∆t = ut +K−1rt (27)
Note that this choice for the damping ratio ξ , is slightly lower than to the critical damping ratio of 1, and
the time step ∆t is within the stability limits for linear problems (equation 21)). The choice for the time
step and damping ratio directly influences the method’s convergence rate and numerical stability; a larger
time step combined with a lower damping ratio results in faster, but less stable convergence, whereas a
smaller time step combined with a higher damping ratio results in slower, but more stable convergence.
Because the proposed method requires the inversion of a global stiffness matrix, one iteration will require
more calculation time compared to one iteration of classic dynamic relaxation methods. However, the
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𝐲
𝐱𝐳
45°
600 lb
tip coordinates
x (in) y (in) z (in)
proposed approach 46.89 53.68 15.55
Crisfield [8] 46.84 53.71 15.61
Bathe and Belourchi [6] 47.2 53.4 15.9
Simo and Vu-Quoc [15] 47.23 53.37 15.79
Figure 2: A load at the tip of a cantilever arc beam causes the beam to deform, leading to torsion, bending moments
and axial forces in the beam. Our results closely resemble the results obtained by Crisfield [8] (example 1).
dramatic reduction in the number of iterations makes up for the increased iteration time in most cases.
This will be further discussed in section 5.
5. Examples
For the calculation of the three cases described below, we have chosen an arbitrary value of 1 for the
mass to stiffness ratio (ω∗ = 1) as it does not influence the calculation, as long as the time step is scaled
accordingly. Correspondingly, we have chosen the damping ratio as ξ = 1/
√
2, following the Newton-
Raphson method, combined with a time step of one (∆t = 1), which is slightly below the Newton-
Raphson equivalent (∆t =
√
2) to increase the method’s numerical stability. The mass matrix is calculated
using only the linear part of the stiffness matrix, as the calculation of the geometric part required a
relatively high computational effort, which did not lead to a sufficiently large reduction of the number of
iterations.
The first example is a frequently used benchmark case for nonlinear beam elements because it involves
the coupling of torsion, bending and axial forces. A cantilevered arc beam is clamped at its base and
subjected to a lateral load. The beam describes an angle of 45 degrees in the x-z plane in its undeformed
state (figure 2). The radius of curvature is 100 in (2.54 m). The beam is discretized into eight elements
with a square 1 x 1 in2 (6.45 cm2) section and material properties: E = 107 psi (68,95 GPa), ν = 0. The
load is applied in the y-direction with a magnitude of 600 lb (2.67 kN). The criterion for convergence is
‖r‖ ≤ 10−4 lb. The table in figure 2 shows the coordinates of the tip of the deformed beam obtained with
our own implementation, that of Crisfield [8], Bathe en Bolourchi [6], and Simo and Vu-Quoc [15]. The
results agree well with those of Crisfield [8], which makes sense as we used the same co-rotational beam
element. Furthermore, the method is capable of finding the highly deformed equilibrium state in only 31
iterations for the adopted convergence criterion.
The second example was chosen to demonstrate the performance of the proposed method in a case with
a higher number of degrees of freedom. A strained gridshell is bent into shape by applying vertical point
loads to every node of the initially flat grid (figure 3). The deformation of the gridshell was calculated
for four grids composed of 11 by 11, 21 by 21 (figure 3), 31 by 31, and 41 by 41 initially straight rods,
loaded respectively with point loads of 50 N, 25 N, 16.67 N, and 12.5 N. The undeformed grid covers
10 by 10 meters. The rods are discretized into beam elements with a diameter of 3 cm and material
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!
"
#
degrees of freedom iterations time
718 31 2 s
2638 (fig. 3) 31 8 s
5758 31 19 s
10078 31 34 s
Figure 3: The erection of a strained gridshell (thick lines) is simulated by vertically loading each node of an
initially flat horizontal grid of straight rods (thin lines). The number of iterations is insensitive to the level of grid
refinement, and the corresponding calculation time stays below 35 seconds (example 2).
𝐲
𝐱
𝐳
proposed
approach Van Mele [16]
iterations force 35 158400
disp. 24 21000
time force 4.4 s 478 s
disp. 3.2 s 62 s
Figure 4: Fixed initially straight rods (thick lines) stretch a cable net (thin lines) into a tent-like structure. The
present approach requires less iterations and computation time to converge compared to the approach proposed by
Van Mele et al. [16], for both the force-based and displacement-based convergence criteria (example 3).
properties: E = 30 GPa, ν = 0. One beam element is used between two adjacent intersections. For
simplicity, all rods were rigidly connected at the nodes. The gridshell is supported by roller supports at
the four corners, allowing horizontal movement of the supports during the erection. The convergence
criterion is ‖r‖ ≤ 10−3 N. To find the average computation time for each level of grid refinement, the
calculations were repeated ten times. The number of iterations is insensitive to the number of DoF (figure
3). Moreover, using our own implementation in Matlab, the calculation of 31 iterations was performed
in less than 35 seconds on an Intel Core i5 processor (2,7 GHz), for a model with up to 10078 degrees of
freedom.
Finally, the last example shows a combination of bending rods and cable elements with a predefined
force per unit length, also known as force density (figure 4). The case was first described by Van Mele
et al. [16]. Although simple clamping supports can be used with our approach, the rods are fixed to
the ground using two successive hinge supports, similarly to the original case. Two convergence criteria
were considered; a force-based convergence criterion, for which the norm of the residual forces must be
lower than 10−4 N, and a displacement based convergence criterion, for which the norm of the velocity
must be lower than 10−5 m/s. Each calculation was done ten times to average out the calculation time.
Compared to the approach described by Van Mele et al. [16], our approach requires significantly less
iterations to converge (figure 4). Moreover, although our approach requires more computation time per
iteration, it still needs less time in total to converge. The difference between the two approaches was
more pronounced for the force criterion than for the displacement criterion.
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6. Conclusion
This paper proposes a fast and accurate dynamic relaxation approach for the form finding and analysis
of bending-active structures. A co-rotational beam element (Crisfield [8]) was adopted to maintain high
accuracy for large displacements. The convergence rate of the dynamic relaxation method was optimized
by choosing the mass matrix proportional to the stiffness matrix, effectively making all eigenfrequencies
coincide. This fictitious mass matrix was combined with classical viscous damping. It was shown that
the optimized dynamic relaxation approach becomes identical to the rapid-converging Newton-Raphson
method if a specific time step and damping ratio are chosen. Choosing another damping ratio and time
step accelerates or damps the convergence of the optimized dynamic relaxation method.
Three examples have shown that the proposed 6-DoF dynamic relaxation approach is accurate, even for
large displacements and the coupling of torsion, bending moments, and axial forces. Furthermore, the
method can easily handle problems with a large number of degrees of freedom. Finally, the method can
also be efficiently used for the form finding of cable nets in combination with bending-active elements.
The combination of high accuracy and low computation time makes this dynamic relaxation approach
well-suited for both the form finding and the analysis of spatial structures undergoing large displace-
ments.
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